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TepHoninbcoKuul HAYIOHATbHUL eKOHOMIYHUL YHIBepCUmem

3ACTOCYBAHHSI TEOPEM ICHYBAHHS JJIS1 MOJAEJIIOBAHHS
MEPIOIUYHUX PO3B SI3KIB 3ATAJTbHAX KPAHOBUX
MEPIOUYHUX 3AIAY JJIS1 JTHITHOTO HEOJHOPITHOT O
TIEPBOJITYHOTO PIBHSIHHS IPYTOT'O MOPSIAKY

Pesrome. [loxazano npaxmuune GUKOPUCMAHHA ompumanux pezyavmamie (yMoe ICHyeanHs) O
Mmodenoganna  posg sskie  zaeamvnoi  kpauosoi  (U(Ot) = 4 (t), u(mt) = (), tOR)  nepioduunoi
(u(xt+a)=u(xt), 0sx<n, tOR) 3adaui Ors AinitiHO20 HEOOHOPIOHO20 2iNePOONIUHO20 PIBHANHS OPY2020
nopaoky Uy — Uy, = T(Xt) (011 konkpemnux suauens nepiody w). 3anpononosaro nogy opmy 3aminu 3MIHHUX,

HA OCHOGI SKOI COPMYTbOBAHO MeopeMu ICHY8AHHS PO36 A3KY 302ANbHUX KPALOGUX NepioOUdHUX 3a0ady.
Poszenanyma memoouxka 0036018¢ GuUKOpUCMOBY8AmMuU iX 045 NOOYO08U HAOIUNCEHUX PO38’ A3KI6 Kpatlosux
nepioouunux 3a0au.

Knrouosi cnosa: 3azanvua xpatioga nepioouuna 3adaua, NiHitine HeOOHOpPIOHe 2inepboniute pi6HAHHS
0py2020 NOPAOKY, HOBA POPMA 3AMIHU IMIHHUX, MeopeMU ICHYBAHHS PO36’ A3KY .

S. Khoma—Mohylska

APPLICATION OF THE EXISTENCE THEOREMS FOR
MODELING OF PERIODIC SOLUTIONS OF GENERAL BOUNDARY-
VALUE PERIODIC PROBLEMS FOR THE LINEAR NON-
HOMOGENEOUS SECOND ORDER HYPERBOLIC EQUATION

Summary. The method finding the solution is consideretvéoperfect to be perfect and justified, if it
allows broad application and generalization. Haviegnsidered the A. Samoilenko’s numerically-ana/ti
method of researching the periodic solutions of thdinary differential equations and the J. Lopalyi's
method of researching the existence conditionshefsdplutions of boundary-value problems for thépgdl
equations, we arrive at the conclusion, that thiutson is sought first, and then the boundary cdiodis are
satisfied. This provides establish ment of the tamitil conditions (conditions of existence), thedstigation of
which specifies the shape and the type of theisalut

Using the developed method of modeling of the isolsitof boundary-value periodic problems for the
linear non-homogeneous second order hyperbolic gguahe conditions of solvability of general boangt
value U(O,t) = z4(t), u(mt) = i, (t), tOR) periodic (Uu(xt+a)=u(xt), 0sx<n, tOR) problem for the
linear non-homogeneous second order hyperbolic goa,; —u,, = f(x,t) with specific values of the period

o are established in the article. New form of theialles commutation is proposed. Basing on such
commutation the existence theorems of the solofigeneral boundary-value periodic problems ardexiaThe

main result is the theorem on the solvability ofigral boundary-value periodic problem in the ca’- an
w
irrational number ¢ - period).

These resultss will facilitate the further studyimfthe properties of the solutions of general tam-
value periodic problems and the constructifrthe approximate periodic solutions of boundaajue problems
for the quasilinear hyperbolic equations.

Theoretical and methodological basis of the reskaace the methods of the theory of differential
equations in the partial derivatives.

Key words. general boundary-value periodic problem, lineaonmrhomogeneous second order
hyperbolic equation, new form of variables commatatexistence solution theorems.

260



MATEMATUYHE MOLEJIIOBAHHA. MATEMATUKA. ®I3UKA

IMocTanoBka mpodaemu. MeTos BiAITyKaHHS PO3B’ 53Ky BBAXKAETHCS JOCKOHAIHM 1
OOTpYHTOBAHUM, SKIIO BiH JOIYCKa€ MHUPOKE 3aCTOCYBaHHS 1 y3araJibHEHHs. [HKOIM aBTOpPH,
pO3po0IsiIour METOOW BIAIIYKaHHA pO3B’SI3KIB KpaWOBHX 3ajgad, HE 3aJyMYyIOTbCS HaJ
poOJIEMOTO X 3HAYYIIOCTI JJIsl PO3BUTKY MaTeMaTUKH. Lle Moe OIHUTH JInIe TOPIBHSIbHA
XapaKTepUCTUKA 3 IHIIMMH BIIOMUMH MeTojdamu. Hampukinaa, po3risiialoud YHCeIbHO-
aHamituuauii  mMetox A. M. Camoiinenka [1] gocmikeHHS TEPIOAUYHHX PO3B’SI3KIB
3BHUAHUX TUdepeHIianbHux piBHsAHb 1 MeTon f. b. Jlonatuuchkoro [2] mociimpkeHHsT yMOB
ICHYBaHHS PO3B’SI3KiB KpalOBUX 3alad JJIg CIINTUYHUX PIBHSAHB, JOXOAMMO TaKOTO
BHUCHOBKY. CIIOYATKY IIYKAETHCS PO3B’ 530K, a MOTIM 3aJ0BOJIBHSIOTHCS KpaioBi ymoBH. Lle
nependavyae BCTAHOBJIICHHS JOJAaTKOBHX YMOB (YMOB ICHYBaHHS), IOCHIDKCHHS SIKHX
BU3Hauae ¢opmy 1 Bua po3p’s3ky [3]. Hampuxmax, y dYucenbHO-aHAITHYHOMY METOMI
A. M. Camoiinenka mis cucrem X = f(x,t), y Bumagky BigmIyKaHHS TEpiOAAYHUX

O3B’ SI3KiB, TAKOKO YMOBOIO € JOCIIPKEHHS PIBHIHHS
A(%) =0,

TOOTO BIMITyKaHHS PO3B SA3KIB Tak 3BaHOl A -TIOCTIMHOI, fKI MOPOJKYIOTH TEPioaAnYHI
PO3B’ SA3KHU Y BUIIISI

X(t. %) =X + [ £ (7,X(T, %,))dr.
0

Kopucryrounch gaHoro igeero, Mu y poboTi [3] 3anpomonyBair METOA MOICITIOBAHHS
PO3B’3KiB KpailOBUX MEPIOAWYHMX 3a/4ad Ui JIIHIKHOTO HEOJHOPIIHOrO TinepOosiYHOro
PIBHSHHS JIpyroro TOpSAKYy. Y JaHiid poOOTI MpOBEAEMO TNPAKTUYHE BUKOPHUCTAHHS
OTPUMAaHUX Pe3y/IbTaTiB (YMOB ICHYBaHHsI) JJIs1 MOJICIIFOBAHHS PO3B’ A3KIB 3arajabHOT KpaiioBOi
(u©,t) = 14 (t), u(mt) =, (t), tOR) mepiomuunoi (U(x,t+a)=u(x,t), 0<x<n, tOR)
3amayl s JIHIKHOTO HEOAHOPITHOTO TIMEepOOJIYHOTO PIBHSAHHS JIPYroTrO  MOPSIKY
Uy — U, = f(X,t) mpu KOHKpETHHX 3HAYEHHSX Iepiony G.

AHai3 ocTaHHIX JociigxedHb i myOaikaniii. Jlochimkyroun KpaioBi MepiogudHi
3a7a4i JJs TinepOOoTiYHUX PIBHSAHB JPYroro MOPSAKY psAa yueHuX [4—6] BUKOPHUCTOBYIOTH
METOJ[, 3TIAHO 3 SKAM PO3B 530K IIYKAEThCA Y BUMIIANI TPUTOHOMETPHUYHOTO PSIIY

w
u(x,t) = Zuk (t)sinkx, w0 aBTOMaTMYHO 3a0e3rneuye BUKOHAHHS KpallOBUX YMOB
k=1

u(0,t) =u(7n,t) =0, mpore BuMarae HakIaJaHHS JAOAATKOBUX YMOB Ha IMPaBy YacTUHY
HEOHOPIIHOTO piBHsIHHS. Lle crioHyKano 10 pO3BUTKY aHANITUYHUX MeToAiB [3, 7], 3rigHo 3
SKUMHU PO3B’ SI30K BUPAKAETHCS 3a JOMOMOTOr0 mpocToi Moaudikaiii ¢opmymu lamambepa,
IO JI03BOJISIE YHUKATH BHpa3iB, y SKUX MOTPIOHO CyMyBaTH HECKIHYEHI DPSJIU, a TaKOX
BIJICYTHI YMOBH Ha 3Ha4€HHS (YHKIIIH, IO CTOSTh Y MPaBii YaCTHHI PIBHSIHHS B TPAaHUYHUX
Toukax intepsany [0, 7].

MeTo10 po0OTH € BCTAaHOBJICHHS Ta JIOCIIIKEHHS YMOB, MPHU SKHUX ICHYIOTh KJIACH4YHI
PO3B’ SI3KM 3arajibHOI KpalioBOiT w-TIEP10IUYHOT 3a1a4i

U; U, = f(xt), O<x<n, tOR, (2)
U@ =), u(mt) =i, (), tOR, 2)
u(x,t+a)=u(xt), 0<x<n, tOR. 3)

HpI/I KOHerTHI/IX 3HAYCHHIAX .
TeopernuHy Ta METOMOJOTIYHY OCHOBY JOCIHIJDKEHHS CKJIAJalOTh METOIU Teopii
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TuQepeHIiaTbHUX PIBHAHD Y YACTHHHUX MOX1THHX.
HocuixxeHHs 3a1a4i Ta OOIPYHTYBAHHSI OTPUMAHUX Pe3yJIbTATIB.
BBenemo nosnayeHHs:

C,, —npoctip QyHKIIH 1BOX 3MIHHHX X 1 t, HEepepBHUX 1 OOMEXEHUX Ha MHOKUHI
[0, 7% R;

C*! —mpocrip Taxux ¢pynxmiit uC,, mo D¥DOC,;

G,; —upocTip GyHKIINA JBOX 3MIHHHX X 1 t, HenepepBHUX i oOMexxenux Ha [0, 77]X R
pa3oM 3 MOX1aHOO 10 {;

Q,,— mpocrip pynkuiit 4(t), sgxi 3a10BOMBHAIOTH ciBBigHOmMEHH L(t +a) = L(t);

A ={f:f(xt) = f(T-xt)=f(xt+7;

A, ={f: f(xt) = f(m-xt+m=f(xt+27}.

Jlns mocnimkenns 3anadi (1)—(3)ckopucraemocs 10BeACHUM Hamu y poboTi [3, ¢.918]
TBEPUKCHHSM.

Teopema 1. Axwo 900G, N A, mo ¢ynxyin

x t+x=& 7T t=x+&
v(x, t)———jdf Jo@.dr-3[dé [g@ndr+
t=x+& x t+x-¢&
rr t+& Tt
t—-m+&

E(Sg)(x,t)+ e vl(t)+ZTv2(t) (4)

22 . .. . .. .
€ EOUHUM KIACUYHUM (VD Ch ) D036’ A3KOM Kpatiosoi 2m-nepio0uyroi 3a0ayi

Vi — Vi = 9(X,1), O<x<n, tOR, (5)
v(Ot)=0, v(m,t)=0 tOR, (6)
v(x,t+2n)=v(xt), 0<x<n, tOR. (7

CrpaBeIMBUM € TBEPKEHHS.
Jdema 1. Axwo gOC, N A, mo vi(t) = Vv,(t) = const
JNosenenns. Cnpasai, npu g JC,. (1 A maemo

Tt T Tty
Vo (t) = jdf Jo.ndr= jdfjg(ﬂ n.1)d7 = jdfjg(o 1)dz =y (1)
t—mr+& t-n t=r7

vi(t) = j g(é,7+&)dé - j g(&t-8)dé = j g(rr-n,t+m=n)dn - j g(&t-8)dé =
0 0 0 0

=[g@.t-mdn-[g(&t-&dé=0,  tOR.
0

0

Otxe, Vv, (t) =const vy(t)=v, (), tOR, mo it moTpiOHO OyI0 JOBECTH.
Teopema 2. Ao gUG, A, mo ¢ynxyisn
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2(x,t) = (Sg)(x,t) + %vl(t) (8)

22 . .. . . .
€ EOUHUM KILACUYHUM (ZD CN Ai) D036’ A3KOM Kpatiogoi T-nepiooudHoi 3a0aui

Z, — 7, = 9(xt), O<x<n, tOR, (9)
zOt)=0, z(n,t)=0, tOR, (20)
z(x, t+n)=2z(x,t), 0<x<n, tOR. (11)

3BeneHHs 3arajibHOI KpaioBoi 3axaui (1), (2) mo BiamosigHOI kpaiioBoi 3amadi (5), (6)
3 HynboBUMH KkpaiioBumu ymoBamu V(0,t) =v(77,t) =0 mnpoBomuThcs 3Ae0LTBIIOTO 3
nonomororo Bigomoi [8, ¢.103] knacu4noi 3aMinu QyHKIIT

U0 = V06 D)+ 4(0) + (,(0) = 4(0) = VOx.0) +U (x.), (12)

ne V(X,t) —HoBa mrykana dyskuis, a U (X,t) = £4(t) +71T (,L12 () - ,ul(t)) :

[Mpu Takii 3amini (12) hyukmis g(X, t) Bu3HagaeThest 3a HOpMyII050
n X n n
9(x0) = f (60 =40 ~— (0 - 40). (13)

Yepes HasiBHICTH apryMeHTy x y Gpopmyai (13)HoBa yHkiist g(X, t) He Oyne HanexaTH
Hi Aq, HI Ap. ToMy BUBYATH MUTAHHS MPO ICHYBAHHS 7, 2T —1EPIOJUYHUX PO3B’ A3KIB 3a7adi
(1)—(3)Ha ocHoBi popmy (4), (8)HemMoxkITUBO.

Po3B’ si3anns 3amadi (1)—(3)103B0sIs€ TOCTIANTH HOBA 3aMiHa ()YHKIIIi

u(x,t) = v(x,t) +U, (x,t), (14)

ac

1—X

U,(xt) = p

4 (t) + 757 14, (t). (15)

Skmio 3actocyBaru 3aminy (14), To mykana ¢yskiis V(X, t) TOBUHHA 3310BOJBHATH
PIBHSHHA Vi — V,, = g(X,t), ne

71

g0ty = f(x,1) - ‘Xui'(t)—l—xTu;m. (16)

T
dema 2. o 10CNA i tOOQ MOQy =), mo dymcyi
a(x, t), susnauena 32iono 3 popmynoio (16), marxooic nanexcumo Ay.

Josenennsi. Crpapi, SIKIIO BHKOHYIOTBCS YMOBH jieMu 2, To ¢(X, t+m)=g(x,t) i
71—X

g x,t) = f (7= %,t) =2 24(t) - =2 15(t) = g (x,t), 1m0 i TpeBa Gyo HoBeCTH.
7T

Teopewa 3. Sxuo 100G, NA, 4®DQ,NCY, wO)0Q,NC?, LX) = 0)
mo  ¢yuxyia u(x,t) = z(x,t)+U;(X,t), oe X t) eusmauena popmyroro (8), a Ui(X 1)
suznauena gopmynoro (16), € eounum po3é’ sizkom kpaiiosoi nepioouunoi sadaui (1)—(3) npu
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W=T.
AHasnoriyHui pe3yabTaT MOKHA C(OPMYIIIOBATH i y mpocTopi A, .

OcHoBHa TeopemMa. BHKOpHCTOBYIOUM METOAWKY BIAIIyKAaHHS pO3B’A3KIB, SKa
BUKJIaJIcHa B po00Ti [3], MOXHA CTBEpKYBATH, 1110 PO3B’ A30K

u(x,t) =ul(x,t) + 0 (x,t) =

= Ax+ B+Z(A& COSV, X+ Akzsinvkx)cosvkt + (17)
pe=}

+> (Af cosv, X+ A¢ sinv, x)sinvkt +0(x,1),

pe=}

ae Vv, :%, A, B, AL 1=1,2,3,4, k0 N — noBinbHi craii, G(X t) —dacTUHHUN PO3B’ A30K

HeoqHopiaHoro miHidHoro piBusHHs (1), Takmi, mo U(X,t+a)=U(X,t), Oyme exuHEM
dbopManbHUM PO3B’A3KOM KpaioBoi mepioguunoi 3amadi (1)—(3), sKmo mpu BpaxyBaHHI
kpaitoBux ymoB U(O,t) = £4(t), u(mmt) = i, (t), cucrema

B+ (Aﬁ cosv,t+A> sinvkt)+ 0(0,t) = g4 (t),
pe=}

Am+B+>’ (Aﬁ cosv, 77+ AZsinv, ﬂ)COS\/kt + (18)
pe=}

+>° (Af cosv, 7T+ A sinvkﬂ)sinvkt +U(7mt) = 11, (1)
pe=}

BITHOCHO HeBioMux koedimientis A, B, A{ i1=1,2,3,4, kK0 N mae equnuii po3B’ 130K.

Hexait v, = 2K 0Q, kKON, 10610, @% 2P, p g0 N,
k w q

[Mpunyctumo, 1o w-nepiogumuni  Qynkuii  U(Ot)—4(t) i U(UTt) = (1)
pO3ropTarOThCs y Taki piIBHOMIPHO 301kHI psiau Dyp'e:

T00-140=2+3 (R Osinv);
) = 24 (1) +> la cosv,t +b/sinv,t); (19)
k

N

=1
U(mt) = i, (t) = B 4 i (a{ cosv,t +b” sinvkt) , (20)

=1

ne ag, a7, bY, b —sinomi koedimienTn Pyp’ e, AKi BU3HAYAIOTHCS 32 HOPMyTAMH

0 _ t) — t tdt, k= 2.3...;
a, —_a.[/z(u(o,) 14, (t)) cos——t dt, 0123..,;
2 @2 . 2kiT
0-= 0,t) — 14 (t ——tdt, k=123...;
by —c'[/z(U( ) /11())3'“ 123
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wl2

2 - 2k
r=— t) — 1, (t tdt, k= 23...;
aj w_i,z(“(”’) Hp(1))cos= =t 0123..;
2 @2 _ 2kir
¢ = t) = 44(t))sin——tdt, k=123...
by a)_(;[,z(u(ﬂ') £4,(t))sin _-tat 1,23

Ocnosna  meopema. Hexaii  ynxyii  (TQO1)—4(t) i ([@OTt) - 1,(1))
poseopmairomuvcsi Y pisnomipno 30ixcHi paou @yp'e (19) i (20). Axwo v, =% He €
w

payionanvhum yuciom, moomo V, 1Q, KO N, mo cucmema (18) mae eounuii posé a3ox, a,

omoaice, kpaiiosa nepioouuna sadaua (1)—(3)mae eounuii popmanvruii po3e’ sa30k.
JloBenenns. CripaBai, Ipu BUKOHAHHI YMOB OCHOBHOI T€OpPEMH, MiJICTABIISAIOUN PSAU
(19)i (20)y cucremy (18),orpumyemo, 1o

a
B=-=% Ac=-al A=-bY k=123,
__acl)T. 1 2 o —_ AT
Amr+B= - A cosy, T+ A sinv, = —a, (21)

A cosv, 7T+ A¢sinv, r=-b", k= 123...

Ockimeku V, JQ, T0 Siny, r#0. Otxe, 3rigHo 3 piBHOcTAMHU (21), KoediuieHTH
A B, A,i=12,3,4, k0 N Bu3HayaroThCsl OAHO3HAYHO, 11O if HOTPiOHO OyI10 HOBECTH.

3ayearcenna. Hamii [OCTIDKEHHS HamnpaBieHI Ha JeTalbHIIIE BUBYCHHS YMOB
ICHYBaHHS €IIMHOTO PpO3B's3Ky KpaioBoi mnepiogmynoi 3amaui (1)—(3) 1 wmoxemo

271K
CTBEPKYBATH, IO IS pO3TAsSHYyTOro BuUmaaky —— [JQ wmu Boepme oTpumanu Gopmyny
w

JUTSI BIALITYKaHHS €IUHOTO (POPMAIILHOTO PO3B’ 3Ky i€l 3a/1a4i y BUTIISAIL

u(x,t) =ul(x,t) + 0 (x,t) =

= AX+B+Y (A& cosv, X+ AZsinv, x)cosvkt + (22)
pe=}

0

+>° (Af cosv, x+ A¢ sinv, x)sinvkt +(Sg)(x.b),

k=1

ne GyHkiis (Sg)(x,t) BU3HAYAETHCS 3 Gpopmynu (4), a koedimientn A , B —3a dopmynamu
(212).

BucnoBku. IlokazaHo 3acTOoCyBaHHs YMOB PO3B SI3aHHS KpPaloBOi @-TEPiOJAYHOL
3a1adi JUIs JIIHIHHOTO HEOJHOPIAHOTO TinepOOoJiYHOrO PIBHAHHS JPYroro mopsaky. Jlms
JIOCITI/PKEHHS 3arajibHAX KPalHoBUX MEPIOANYHUX 33Jad 3alPOIIOHOBAHO HOBHUH 3aMic 3aMiHH
3MiHHUX. Ha ocHOBi Takoi 3aMiHH c(OPMYIBOBAHO TEOPEMH ICHYBAHHS KJIACHYHOTO
PO3B’ 3Ky 3arallbHUX KpaloBHX MEpioguyHUX 3a1a4. OCHOBHHM PE3yJbTaToOM € TeopeMa Ipo

: e " : 2 . .
PO3B sA3aHA 3araJibHO1 KpauoBO1 ICPIOANYHO1 3a/la4l Y BUIIAAKY —— — 1ppalll1OHaJIbBHC YU CJIO
w

(w-miepion).
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OtpumaHi pe3yibTaTH CIOPUATHMYTh TOJAJBIIOMY BHBYECHHIO BJIACTUBOCTEH
PO3B’SI3KIB 3araJlbHUX KpalOBHUX TEPIOJUYHUX 3a/ad, a TaKoX MOOya0BI HaOIMKEHUX
NEepiOMYHUX PO3B’ A3KIB KpaloBUX 3a7au JJIs KBA3UIIHIMHUX TinepOoIiyHIX PiBHSAHB.

Conclusions. This article demonstrates the use of the solybitbnditions of
boundary-values—periodic problem for the linear non-homogeneousd order hyperbolic
equations. To study the general boundary-valueogeeri problem the new form of
commutationof the variables is proposedBasing on such commutation the existence

theorems of the solution of general boundary-vadagodic problems are formulated. The
main result is the theorem on the solvability ohg®l boundary-value periodic problem in

the case%k — an irrational numbe(— period).

These results will facilitate the further studyiofythe properties of the solutions of
general boundary-value periodic problems and thestcoction of the approximate periodic
solutions of boundary-value problems for the qureér hyperbolic equations.
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