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MOJAEJIIOBAHHSA HEITEPEPBHOI'O HEPIOANYHOI'O PO3B’ A3KY
XBWIBOBOI'O PIBHSAHHA

Xoma-Morunbsceka C. I, k. ¢.-M. H.

Tepuoninvcovkuil HAQYIOHAILHUT €KOHOMIYHUT YHIGEpCUmMEm,
syn. Jlveiecoka, 11, m. Tepnonine, 46020, Vrpaina

sv_khoma@ukr.net

HageneHo HOBY cXeMy MJOCIIKEHHS PO3B S3KIB KPAaHOBOI MEpiogWYHOI 3a7adi I HEOJHOPITHOTO XBHIHOBOTO
piBHsHES U, —U, = [ (x, Z). [ToOyaoBano HemepepBHHH PO3B 30K XBHIBOBOTO PIBHAHHS Y TPSIMOKY THHKY
[0,7]x[0,27]. BcramoBneHO YMOBH ICHYBaHHS 27-IICPIOAMYHUX 32 YAaCOBOIO 3MIHHOIO PO3B SI3KIB XBHJIBOBOTO
HEOTHOPITHOTO PIBHAHHS 3 HY TbOBHMH KPAHOBMMH YMOBAMH 32 3MIHHOIO X Y KJacCi y3araJibHEHUX PO3B S3KIB.
Kmouogi croga: xeunvoge pigHAHHA, HenepepaHuii po3g a30K, nepioOudHutl po3e 130K, Kpatiogi YMosu.
MOJAEJIUPOBAHUE HENNPEPBIBHOI'O NEPUO/IMUYECKOI'O PEHHIEHUA
BOJIHOBOI'O YPABHEHUSA

Xoma-Morunbckas C. ', k. ¢.-M. H.

Teprnononsckuili HAYUOHATLHBIN SKOHOMUYECKUT YHUBEpCUmMEeM,
yi. Jlesosckasn, 11, 2. Tepuonons, 46020, YVkpauna

sv_khoma@ukr.net

ITpuBeacHa HOBasA CXeMa HCCJICIOBAaHUA PEINCHUHM KPacBOM HMEPHOAMYECKOH 3aJauyM JUIA HEOJHOPOJHOIO BOJHOBOIO
ypasenus U, —u_ = [ (x, Z). ITocTpoeHO HENMPEPHIBHOEC PEIICHUE BOJHOBOTO YPABHCHHSA B IPSIMOYTOJBHHKE
[0,7]x[0,27]. YcTaHOBIEHBI YCIOBHS CYINCCTBOBAHHUS 2T-NICPHUOAWYCCKHX IO BPEMEHHOW INEPEMCHHOMN peIICHHUH

BOJIHOBOTO HCOJHOPOTHOTO YPABHCHHS C HYJCBBIMH KPACBBIMH VCIOBHAMH IO ICPESMCHHOH X B KIACCC 00OOIICHHBIX
PEIICHUIA.
Kmoueesie crosa: eonmosoe ypasHerue, HenpepvleHoe petiterHue, I’l@puOOMI{QCKO@ peuterue, Kkpaegoie YCaoeusl.

MODELING OF UNINTERRUPTED PERIODIC SOLUTION OF WAVE EQUATION
Homa-Mogyl’s’ka S. G, k. ¢.-M. H.

Ternopil National Economic University,
Str. Lvivs'ka, 11, Ternopil, 46020, Ukraine

sv_khoma@ukr.net

The theory of differential equations in partial derivatives is developing the fastest today. Essential differences are
characterized to different types of differential equations (elliptic, parabolic and hyperbolic). Each type of such equations
has significantly different characteristics in construction of problem solution: the Cauchy problem, mixed problem,
boundary-value problem. The need to research of hyperbolic equations is due to the needs of applied nature. Indeed
hyperbolic equations describe many physical operations such as the wave processes, oscillating characteristics of radio-
electronic circuits, the movement of liquids and gases in certain circumstances. A large number of problems of celestial
mechanics are reduced to solving equations of this type.
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The wave equation is a difficult object to study, and therefore of great interest is the development of new methods for
constructing the analytical and approximate solutions of linecar and quasi-lincar differential equations in partial
derivatives and study their properties.

The investigation of the existence and uniqueness of the solution of the wave equation involves the imposition of
additional conditions (initial, boundary). Therefore classes of problems (the Cauchy problem, mixed problem,
boundary-value problem) are distinguished in the theory of differential equations in partial derivatives.

Given the results of [1], we can state that the solution of 2n-periodic boundary-value problem u, —u = g(x, t),

u(O,Z)zu(n,l)zO, u(x,t+2n):u(x,t), O<x<m, teR, in the form uA(x,t):%Tu(oc)doc—%:[diﬁfﬁg(i,t)dt,

1—3+E
where p(f) — unknown function, is a solution of such Cauchy problem: u,, —u,, =g (x.r), u(0,£)=0, u, (0,) = ()
in the characteristic triangle A = { (x.0)eR*: 0<x<m x<t<2;x— x} . Based on this statement and using methods

of the theory of differential equations in partial derivatives and methods of the theory of integral equations, in the
rectangular [0,7t]x[0,27] =T1,, we constructed the uninterrupted solution of non-homogeneous lincar the second-order
hyperbolic equation u,, —u,, = f(x,7). which satisfies the boundary conditions u(0,¢) =u(m,t)=0, ¢e[0.2n]. The
solution is very similar to the combination of D’ Alembert formulas. But in the fact in the d’ Alembert formula variable ¢
ever owned R, and in the article 7 €[0,27] . In this case, a simple formula of d’ Alembert will not be applicable, but the

combination of functions u,(x.1), Uy (x,1), u,, (x,t), which are solutions of the boundary-value problem in the

corresponding triangles Z, Zl, Zz , gives the explicit form of the boundary-value problem solution. In this case it isn’t

necessary to expanse the series, to investigate the formal convergence of series. The clear analytical formula is given.
This is a significant result, which has a further practical application.

In the article the structure of uninterrupted solution of the wave equation in classes of 2n-periodic functions is studied.
On the base of the results the conditions for the existence of such solutions are always performed in a certain class of
2n-periodic in the time variable functions, although the solution does not satisfy the conditions of periodicity

u(x,0) #u(x,2n), and therefore can’t be a classical solution of the boundary-value 2z-periodic problem

u,—u,, = f(x,t) , u(O,Z) :u(n,t) =0, u(x, Z+2n) = u(x,t) )

The conditions of existence of 2n-periodic in the time variable solutions of non-homogeneous wave equation with zero
boundary conditions on the variable x in the class of generalized solutions are established. The existence of generalized
(uninterrupted u € C[0, t]x R) solutions of boundary-value 2n-periodic problem is proved and conditions under which

uninterrupted generalized solution could be a classic solution are set.

The method of construction of uninterrupted solution of linear problem makes it possible to investigate the conditions
for the existence of uninterrupted solutions of many nonlincar periodic boundary-value problems (problems of
acoustics, hydrodynamics and theory of vibrations).

Key words: wave equation, uninterrupted solution, periodic solution, the boundary conditions.

MMOCTAHOBKA MPOBJIEMMN

Y Ppi3HUX Tady3sX CydacHOI HAyKH BHUAUIIOTH IPOLIECH, SIKI ONMHCYIOTHCS MaTeMaTHYHHMHU
MOJIENISIMH, B OCHOBI IKHX JIE)KaTh XBHJIBbOBI PiBHSAHHS. BapTo 3a3Ha4MTH, IO XBHJIBOBI PiBHSHHS €
CKJIAAHUM 00’ €KTOM IOCIHIJ’KEHHS, & TOMY 3HAaUYHUH 1HTEpPEeC CTAHOBUTH PO3poOKa HOBUX METOIB
noOyAOBH aHANITUYHUX 1 HAOJMKEHWX PO3B S3KIB LIUX PIBHSHb Ta BUBUEHHS IX BJIACTHBOCTEH.
JlocipKeHHS K ICHYBaHHS Ta €UHOCTI PO3B 3Ky XBUJIBOBOTO PiBHSHHS mependavae HaKkJIadaHHs
IOAAaTKOBUX YMOB (TOYATKOBUX, KpaioBux). Came TOMy pO3pi3HSIOThH Kiacu 3aaad: 3anada Ko,
MillIaHa 3a7a4a, KpaloBa 3aaa4a.

AHAJII3 OCTAHHIX JOCJIIJUKEHD TA ITYBJIIKALIIIA

Y poboti [1] HaMM BCTaHOBJIEHO YMOBH ICHYBAaHHSl KJIIACHYHUX (O— MEPIOANYHHUX PO3B’SI3KIB
KpaioBoi 3amadl sl JIHIAHOTO HEOMHOPIAHOTO TinepOOSiYHOTO PIBHSHHS JIPYroro MOPSIKY
u, —u, =g (x,1), u(0,1)=u(n,r)=0, 0<x<7, tcR. 3uauna yBara npuaineHa JOCIiIKEHHIO
iCHyBaHHSI ® =27 — TNEpPIOJUYHUX PO3B’s3KIB BKazaHoi 3amaul. Opnak, y Oaratbox pobortax
3apyOi’KHUX MaTE€MaTHUKIB BCTAHOBJIEHO, IO IS Maike JIHIMHUX (KBa3LIHIHHUX) rinepOoiaHuX

PIBHSIHB APYTOrO MOPSAKY BUIIANY u,, —u =1 (x,t, u,u,, ux) 27 -niepiofnuyHI PO3B’SI3KH 1CHYIOTh
, H, [2-8].
BapTo 3a3HaumMTH, IO AN IOCHIKEHHS XBWJIBOBHX PIBHSHb (K JIHIMHMX, Tak 1 HEJXIHIHHUX

PIBHSIHB TiNepOOIYHOrO TUIY) BHKOPHUCTOBYIOTH METOIM, 32 JOIOMOIOK SIKMX JOBOISTH JIUIIE
1CHYBaHHS pO3B’sI3KiB JAHHUX PiBHSAHB. Y Cl IX MOKHA MMOMIIUTH HA YOTUPU BUAH.

o0

JWIIe B CTIeialibHUX (PYHKLIOHANBHUX IpocTopax L,, L
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Jo nepworo MoXHa BigHecTW Tak 3BaHi Kfacu4yHi MeToau, AKi nepepbdayaloTb BiflWyKaHHA
PO3B’A3KY MeTOLO0M PO3AineHHsA 3MiHHUX (MeTog Pyp’e) [1].

Opyruii Bug - ue (hyHKUiOHanbHI MeToAM, AKi novanu possmBaTucs B 60-X pokax XX CTONITTS i
nepefbayann [OBeAEeHHS fMWe iCHYBaHHSA PO3B’A3KY Ha NiAcTaBi BMacTUBOCTE 06GEpPHEHOro
onepatopa. Lle metoaun I'. bpesica, [. KopoHa, /1. HipeH6epra, . PabnHoBunuya, . Pypakosa [2-7].
TpeTili BUA - MeTof Manux 3HaMeHHUKIB (Metog b. . MTawHuKa Ta iioro yuHis) [8, 9].

UeTBepTuin BUA - aHaniTMYHi MeTOAM, 3anponoHOBaHi YecbkuMn MatemaTukamu O. BeliBogoto Ta

M. LUTeapn Ta PO3BUHYTI LUKOJMIOK YYHIB YKpaiHCbKUX matemaTukis HO.O. MUTPONOibCLKOro Ta
.M. Xomun [10-12].

MeToto po6oTn € nobyaoBa HenepepBHOr0 MepiogMYHOrO MO YacoBili 3MiHHIA PO3B’A3KY
XBWUNbOBOT0 HEOLHOPIAHOrO PIBHAHHA 3 HY/NbOBMMW KpPanoBMMW YMOBaMy MO 3MiHHIA X Ta
BMBYEHHSA MOr0 BNacTUBOCTEN.

AOCNIAXEHHA 3ALAUI TA OBIPYHTYBAHHA OTPUMAHUKX PE3Y/IbTATIB

MobyfoBa HernepepBHOIr0 PO3B’A3KY Y MPSAMOKYTHUKY. 3HaNAEeMO Y NPAMOKYTHUKY
[0,1c]x[0,21c] HenepepBHMIA PO3B’A30K TaKOT 3adadi:

utt~mx =f (x,t), 0<x<Ttc, 0<t<2TE, @
u(@,t)=u(mt) =0, 0<t<2T, 2
ux(0,t) =" (t), 0<t<2r. 3

P0o3i6’emo npamMokyTHUK M2n=j (x,t)e R2:0<x <Tc,0 <t <2rc} npamumun t =x i t =21C—X Ha

Taki TpU TPUKYTHUKN: A={0<Xx<T X <t <2rt—x};\ ={0<x<mO0<t<x};
A2={0<x <T 2rc—x <t < 2rc} (puc. 1).

Puc. 1

Ha ocHoBi Teopemun 3 [1, c. 920] 3a ymoBu, wo ~(t)e CYR) i f (x,t) e CQL([0, T(]XR), dhyHKUIisA

|t i X o
ua(x,t)=- j "(@a)da— jd4 j f(Nt)dT (4)
% 0 toe®

€ EAUHUM KNacM4yHMM PO3B’A3KOM 3afadvi Kowwi
utt —uxx =f (x,t), 0<x<tc, 0 <t<2rc, (5)
u(0,t) =0, u 0,t)=M(), 0 <t<2rc (6)

Y XapakTepuCTUYHOMY TPUKYTHUKY A.

BicHMK 3anopi3bKoro HalioHa/IbHOro YHIBEPCMTETY Nel, 2014
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HoBenemo, mo QyHKLis

t+x 2n +x-n

u, (x, z)_— j u(oc)doc+%2n£ xu(oc)doc——jdnt Lnf(n,r)dr—
5 fan j fn0di-t j an [ foods ™

mpu W) e C'(R) i f(x,)e C*' ([0,7]xR), € KnacuuHUM pO3B’s3k0M PiBHsHHS (1) y TPHKYTHHKY
A = {O <x<m, 0<r< x}. Cmpasni, ockimpku po3B’sizok 3amaui Komi (5), (6) 3maligeHo y
TPHUKYTHHKY A, TO BiZIOMO HOIO 3HAYEHHS HA XapaKTEPHCTHLI / = X

x 2x—m

1, (x,%) = j w(@do—— 2Jan j f(vdr.

Hpu W) e C'(R) i f(x,1) eC* ([0,7]xR) piBnsHus (1) eKBIBaNEHTHE y TPUKYTHHKY A, CHCTeMI
TEPIIOTO MOPSAAKY

ou,  Ou,
= f(x,t
Py RACUR
i Sh fn, (R, ®
ou _u +u,
or 27

IS SIKO1, 3T1AHO 3 yMoBaMu (2), (3), BU3HAYatOThCS TaKi OYATKOBI YMOBH:

u (0,)=w(), 0<r<2m, 9)
u,(m,t)=0p(r), 0<r<2m, (10)
u(x,x)=u,(x,x), 0<x<m, (11)

ne P(f) — HeBimoma GbyHKITIS.

3Haiinemo 3HaueHHs £, i ¢ (muB. puc. 1). OueBUIHO, XapakTepUCTHKA & =X +/—T, 0 TPOXOAHTH
uepes (ikcoBaHny TOuky (x,/)€A,, mepetnnae Bice T(E=0) y Touwi (0,7, =x+7), a

xapakTepucTuka & =X—1+7T neperunae npsamy &=7 y Touui (7,7 =m+7—Xx).

[HTerpytoun KoxHE PIBHSAHHS cHcTeMH (8) 3a BIAMOBIAHUMHU XapaKTEPUCTHKAMH, IO BUXOIATH 3
(bikcoBaHoi TOUKHU (x,7) € A,, ONEPIKYEMO TaKi CITiBBI AHOLIEHHS:

t
1w, (x,1) :ul(z+x—zg,zg)+jf(x+z—r, Ddt, (x1)eA,,
&

t
w(x,0) =, 1+ x,00)+ [ f(x—t+1,0dv, (x0)€A,,

u(x,t)=u,(x,x)+— I(ul(x 1) +u, (X, ’C))d’t (x,0)€A,.

Dizuro-mamemamuini Hayru
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Bpaxosyrouu 3HaiineHi 7, 1 ¢, 1 6epyuu 10 yBaru no4atkosi ymosH (9)-(11), onepxyemo

u (x, 1) = +x)+ j f(x+t—r,1)dr,

+x

u,(x,t) =u,(n,{ —x+m)+ j fx—t+1,1)dt=

t—Xx+T

=B({t—x+m)+ j fx—t+1,1)dr, (12)

—x+m

u(x,1) = uA(x,x)Jr%j(ul(x, )+, (x, r))dt.

Ockinbku, 3rigno 3 (2) #(T,1)=0, To u,(n,f)=0. Tenep, BAKOPUCTOBYFOUH MO3HAYEHHS 1, = &2%
1 ymoBy u,(m,t) =0, Mmaemo
u(m,t)+u,(n,0)=0 < wu,(m,t)=-—u(nt).
Toni, Ha ocHOBI neproro piBHsAHHSA cuctemH (12) 3HAXOAMMO
t
wy (1) = —u(m ) = -t +m) - [ flr+t-1,Dde=B),
7
1 npyre piBHSHHs cuctemH (12) mepenuiuersbes Tak:
—Xx+7 t
u,(x,1) =—(f —x+2m) — I ft—x+2n—1,1)dt+ I fx—t+t,1)dt.
I—x+27 I=x+T
Bpaxosyrouu Tpete piBHsAHHS cuctemi (12) 1 3Ha4eHHS u, (X, X), 3HAXOAUMO
1 2x 1 x 2x—m 1 t
u(x,0)=— ! (o) —— ! dn ! S j (a1, (x,0) + 11, (x,7) ).
ITincraBnstoun y 3Haiineny ¢popmyiy 3Ha4eHHs u,(x,1) 1 u,(x,1), OTpUMyEMO
1 2x 1 x 2x—1 1 t
u(x,t)=— o)do——|d ,dT+— T+X)—wt—x+2m))dt+
(2= [ut) 2£n£f(n) 2 (e )
l t 3 S—X+T 3
+5J J- f(x+s—1,1)dt— J- fls—x+2n—1,1)dT+ J- f(x—s+1,1)dt |ds =
x \s+x s—x+27 S—x+T
1 2x 1% 2xm 1%
=— o)do——|d ,0)dT+— T+X)-wWt—x+2n))dt+
2£u() 2£n£f(n) 2£(u( )= )
l t 3 l t S—X+T l t 3
—E.J[dijf(ers—r, r)dt—aldssiznf(s—erZn—r, r)dt+E£dssLnf(x—s+r, 1)dt.(13)

O6’ennyroun nepiuii 1 Tpetiii inTerpann (13), ogepxyemMo

2x t t 2x
% I u(o)da +%Iu(r +x)dt —%Iu(r —x+2m)dt :% I u(oda +
0 x x 0

Bicnuk 3anopizskozo nauionansnozo yHieepcumemy Nol, 2014
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t+x t—x+27 z+x 2n

%j u(oc)doc—% | (a)da_— j (oc)doc+% [ wda. (14)

2x 27 2n+t-x

Jani, mepeTBOPIOIOYH IPyTUi, YeTBEPTHH, I SITHH 1 IOCTUH 1HTerpanu pisHocTi (13), Maemo

x 2x—m S—X+T

—Idnjf(n,r)dt+jdsjf(x+s 1, 1)dx jds j F(s—x+2n—1,v)dt+
+jds j Fx—s+1, r)dr_—fdnzxjnf(n,r)dr Idsjf(n,x+s n)dn+

+j;dsIf(n,s—x+2n—n)dn+ids.:[f(n,n—ers)dn52[1,

3MIHIOIOYHN TIOPSIIOK IHTETPYBaHHA y IPYrOMY, TPETbOMY Ta YETBEPTOMY 1HTErpajiax 1 371 iCHIOI0YN
BIZIMOBITHI 3aMiHH 3MIHHUX, TPUXOIUMO IO TAKUX BUPA3iB:

21, = —jdn xjn f(v)dt— j dnﬁj i+ Tdnt j " fmods
+ j dnt Tn f(n,0dt=— j dnmj f(n,vdu+ Tdnt j " fnodis

f—x+1n f—x+m f—x+1n

+jdn j Sr)dt+ jdn j S, v)d— jdn j S v)dt=

=—j dnmjnf(n,r)dr j dn“f fv)de- j dn j Sy, (15)

Bpaxosyrouu (14), (15), Ha ocuosi ¢popmynn (13), orpumyemo dopmyay (7), mo i notpidHO Oyno
TOBECTH.

[IpoBopstun aHANOTiYHI MipPKYBaHHS, MOXKHA OBECTH, IO PYHKIIISA

+x-m

. (x.1) % j w(e)dont — j w(e)don— jdn j . )der
| fan | rnoact] | dan fnods (16

mpu w(H) e C'(R) i f(x,0)e C” ([0,7]xR) € KIacHIHNM PO3B’sI3KOM PiBHHHSA (1) y TPHKYTHHKY
A, :{OSxén, 2n—x£t£2n}.

Tenep, Ha ocHOBI popmy (4), (7)1 (16), moOynyemo GyHKIIIFO

u,(x,1), (x,0)eA,
u(x,r)=qu, (x,1), (x,)eA\{r=x, O<x<mnj, (17)
u, (x,0), (x,0)eA,\{{=2n-x, 0<x<mj,

sIKa BU3HA4YeHA y MPSIMOKYTHHKY [, .

Dizuro-mamemamuini Hayru
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Jocnimxyroun GyHKIi0 %(X,!), IepeKkoHyeMOocs y CIIPaBeAIMBOCTI TaAKHX TBEP//KEHb.

Teopema 1. Axyo Wi)eC(R) i f(x,1) e C([0,x]xR), mo dynxyia U(x,l), susnavena (opmynown
(17), € nenepepenow yuxyiero y npamoxymuuxy [1,, .

Josenenns. Ockinbku U()€C(R) i f(x,1)e C* ([0,7]xR), TO iHTerpany 3i 3MiHHUIMH MEKaMH,
o BXonATh y GopMyiy (4), € HerepepBHUMHI GYHKIIAMHU y Beix Toukax (x,7) € A . Ile o3Hadae, mo
u, € C(A). Awanoriuno u, € C(A) i u, €C(A,). Pospusu dynxuii #(x,1) MoxyTs GyTu nmuie
HaTpsiMuX [ =x 1 1 =2n—x, 0<x<T.

Hokaxemo, wo Ha OpsiMii =X ¢yHKWi u,(x,7) 1 u, (x,7) OpPUAMAIOTL PiBHI 3HAYEHHS, & HA
npsiMift £ =27 —X piBHI 3HAYeHHs NpUiMatoThb PyHKUiT #,(x,7) 1 u, (x,7). Copasnl, mOKIANAOYH
1 =x vy popmynax (4) 1 (7), onepxyemMo

x 2x—m

w60 =1 fu@ada—1 fan [ fn0ae

x 2x—m

w, (60 =1 [u@da L Jdn | findx

Orxe, u, (x,x)=u, (x,x).

AHaJjIori4HO, mokyaaun  =21—x y popmyiax (4) i (16), 3Haxogumo

271

uA(x,2n—x):% f u((x)d(x—%]idn I f(n,t)dr

2n-2x 2n-2x+n

211

u, (x, 2n—x):% Zj u(a)da—%jdn j F(n,0)dr.

m2x 2 2
Orxe, u, (x, 2n—x)=u, (x,2n—x).

Teopemy 1 noseneHo.

Teopema 2. Ao W(1I)€C(R), f(x,1)eC([0,m]xR) i 6uxonyemucs ymosa

bid 2711

Ju@yda~Jdn | fn, =0, 19)

mo hyuxyisn U(x,t), eusnauena popmynoro (17), 3a0060nsusie Kpaiiosi ymosu
(0,t)=u(n,1)=0, 0<Lr<2x. (19)

Jlosenenns. Crpasai, BUKOpUCTOByrouM osHauenHs (17) ymxuii  #(x,f), maemo
#(0,1)=u,(0,1)=0, 0<f<2m, ToOTO, Mepiua kpaiioBa ymosa (19) 3aBxau BUKOHyeTbCs. Temep,

obumcmroroun u, (T, 1), u, (n,0) i u, (7,¢), 0<1 <27, 3HAXOMMMO

Bicnuk 3anopizskozo nauionansnozo yHieepcumemy Nol, 2014



206

bt 21—

ﬁ(n,t):%fu(oc)doc—%jdn j F(mv)dr.

3BifcH, MpUIyCKalOuW BUKOHAHHA piBHOCTI (18) Teopemm 2, mepexonyemocs, mo #(T,1)=0,
0<r<2m.

Teopemy 2 noBeneHo.

Teopema 3. ko W(1I)€C(R), f(x,1)eC([0,n]xR) i 6uxonyiomscsa ymosu
1) w0)=u(2n); (20)

2) [{/ (0, 2m—m)— f(n,m)}dn=0, @1)

mo ynxyis U(x,t), eusnavena ¢hopmynoio (17), mac menepepeni vacmunmni noxioni neputo2o
nopAoKy 6 npamoxymuuxy 11, .

. . ..o
HoBeaennsi. [[oBenemMo CnpaBeIIMBICTh TEOPEMU Il YaCTUHHOI MOX1JHOI v st uporo, Ha
!

OCHOBI piBHOCTeH (4), (7)1 (16), oduncnuMo Taki moXiaHi

ou, (x,1) 1 17 -
O L s x) -t —00) - S [ 1+ 5= fn -3 smjn, (0l @2)
0
My 1 L (2n+t—x)—lj{f( (4 x-m) = f(M - x+1)}dn—
o 2“ 2“ 29 n, n n, n)san
17 -
S U=t fn 2ns - x—mjdn, - (el (23)
0
P, 050 1 v xmamy— L (l—x)—lj{f( (4 x—M)— f(M - x+m)kdn+
Py 5 H 5 H 29 N, n n, n)san
17 -
+ Ut x—m = fn e xen=2mdn, - ()€, . (24)
0
. : . .. Ou,
Bpaxosyroun piBHOCTI (22)-(24) 1 YMOBH TEOPEMH, CTBEPIKYEMO, IMO-TIEPILE, IO TOXIIHI Y
ou, Ou, ‘
8t1 , 8_t2 HETIepepBH1 y CBOIX oOnacTsx BM3Ha4YeHHs. [lo-npyre, mokmagawouu /=X y BHpasax
ou,(x,1) Ou, (x.1) . . .
PYRE (13t , 6aunMo, Mo BOHM OyoyTh PIBHUMH TOAI 1 TUIBKH TOMi, KOJH BHKOHYETHCS
pIBHICTD

u(0) =p(2m)+ [{f(n,m) - f(n, 2n—n)}dn. (25)

Su, (x,t) Ou, (x,1)
ot ot '

OyayTb pIBHUMH TOJI 1 TIJIBKH TOJI, KOJM BUKOHYETHCS PIBHICTD

AHaJOTIYHO, MOKJNajaruu [ =2T—X y BHpa3ax CTBEPI)KYEMO, 1[0 BOHHU
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u(2m) =(0)+ [{f(n, 2x—m) - f(n.m)}dn. (26)

OTtxe, mpu BUKOHaHHI yMOB 1) 1 2) Teopemu 3 piBHOCTI (25) 1 (26) icTUHHI, a OTXe, QyHKIIS
du,(x,1) Ou, (x1)
ot ot

i(x,t), usnayena Qopmynoro (17), Mac HemepepBHi YaCTUHHI MOXijmHi

2

du, (x,1)
ot

y BCIX TOYKAaxX NMPsIMOKYTHHKA [, .

Tenep, Ha OCHOBI MOXITHUX

—au%(f’l):%(u<f+x>+u<r—x>)—%£{f<ﬂ,r+x—n>+f<n,r—x+n>}dn, (x,neA;

51!%(;,1) :%(“(”X>+u(2n+z—x>)—%I{f(”,f+x—n)+f(n,t—X+n)}dn+
17‘[ —_
+o U —x e+ fn 2ns - xomdn, (e
Ou, (x,1) 1 17
a—x—5(u(z+x—zn)w(z—x))—il{f(n,t+x—n)+f(n,t—X+n)}dn+

+%f{f(n,t+x—n)—f(n,l+)€+n—2ﬂ)}dn, (x,neA,,

NEPEKOHYEMOCS TAaKOXK, 110 MPU BUKOHAHHI yMOB 1) 1 2) Teopemu 3

8uA(x,x):8uAl(X,X) i auA(x,zn—x):équ(x,%c—x)
8x ax ax ax :

Otrxe, pynxuis #(X,1), susHauena dpopmynoro (17), Mae HemepepBHI YACTHHHI TIOXifHI MEPIIOTO
nopsizKy, o i Tpeda Oyyo moBecTy.

BrnactuBoCTI HemepepBHOrO pPO3B’sI3KYy KpaloBOI 3amadi y Kjaci 27-neplogudHux (PYHKIH.
JloBenemo, MO ICHYIOTH KJIAaCH 2W-MePIOAUMYHUX MO f (YHKUIH, U1 SIKUX CIpPaBeIIUBI
Teopemu 2 1 3.

Beenemo Taki npoctopu i knacu Qynkuiit: C/ — mpoctip obMexeHnx QyHKLiH ABOX 3MIHHMX x i
!, HenepepBHO Au(epeHLiHOBaHUX i Pa3 MO x Ta | pa3 HemepepBHO AudepeHLiioBaHUX 1Mo / Ha
muoxuHi [0, T]XR;
00 A
Cnt - Cnt >

G., — npoctip QyHKUiN ABOX 3MiHHMX X i #, HemepepBHuX i oomexenux Ha [0, T]xR pasom 3

Tt

MOXiIHOKO 110 1
A, = f(D = fx 1+ 2m) =—f(x, -0}
A =4 (0 = f(x,1+421) = f(x, —1)};
A ={f O =f(n—x, m+1)= f(x, 1+2m)};
4, ={f (D =f(n—x,n+1)= f(x,1+2m) =~ f(x, ~1)};
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O =L p@O =p@+20)}; O, = {1 (@) = (7 +21) = (1)} .
Teopema 4. Hexaii pynxyii \W(1t) i f(x,1) 3a006onsusioms maxi ymosu:
D @0 eCRING,,; 2) f(xi)ed,NC,,.
Tooi gynxyis U(x,t), eusnavena gopmynoro (17), sacoeonvuse xpaiiosi ymosu (0,t) =u(n,t) =0,

JoBenenns. Jlns noseneHHs TeopemMu 4 moTpiOHO MOKA3aTH BUKOHAHHS YMOB TEOPEMH 2, TOOTO
BUKOHaHHS yMOBH (18).

JliticHo, yepe3 HemapHicTL i 27 nepioauyHicTs QyHkLii LW(f) Maemo
27
I wodo =0.
0

AHanorivHO OfepKyeMO, o pu f € A4, ﬂém 1HTerpal

T 21— T 2n— bid

Jan [ o= [an[ fonodes fan | fnode=Jan fnode=0.

Otxe, BUKOHYeThCs yMoBa (18) Teopemu 2, a orxe, GyHkiis #(X,1) 3am0BONbHIE KPaioBi yMOBH

#(0,7) =u(m,t) =0, mo ii Tpeba Gyno goBeCTH.
Teopema 5. Hexaii 1) () e C(RYNQ,,; 2) f(x.0)e A4 NC,,.

Tooi ¢ynxyis U(x,t), eusnauena gopmynoo (17), mac nenepepeni uacmunni nOXioni nepuio2o
nopAoKy 6 npamoxymuuxy 11, .

JoBenenns. [[si moBeneHHs TeopeMHu 5 MOTpiOHO MOKa3aTH BUKOHAHHS YMOB TEOPEMH 3, a came,
(20), 21).

Ockinbku W(7) HenepeppHai 27 -nepiogndHa GyHKLis, TO yMoBa (20) 3aBKIH BUKOHYEThCS.

Hexaii renep f(x,71)e 4,1 ém . Toxi Ha OCHOBI BUpa3y JiBOi YaCTHHU PiBHOCTI (21) MaeMo

[ £, —nxin—] £ mdn = [ fee—g, ~n+e e -

[ foumdn = f(r-& m+eMe - [ o mdn =0,

TOOTO, PY BUKOHAHHI YMOB TEOPEMH S5 3aBJKAU BUKOHYIOTHCS yMoBH (20) 1 (21).

Teopemy 5 noseneHo.

3aysasenns 1. Crin 3asHaunty, mo ¢yHkuis #(X,1), susHavena Gopmynoro (17), y kmaci 27-
NEePIONIUYHNX 32 3MIHHOK / PYHKLIN He 3aBxau Oyae 27 -NepioauvHOI0 32 3MIHHOKO  (DYHKINIEH.
Crpasgi, o6uncmoroun, 3rigHo 3 hopmynamu (7), (16), snauenns #(x,0) i #(x,21) , maemo

2n

ii(x,0) =u, (x,0) = % [u(enydo+ % | w(o)da - % fdn j Fn,1)dt—

2n—x —x+n

—X+n 1 bid 2n-m

lT[
——fdn [ fvdi——[dn [ fOode=+L+ L1+ 27)
29 d 2

2n—x—"m
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x 2n 27+x-1
L?(x,2n)zuA2(x,2n):% | u(oc)dowr% | w(o)do— - j dn | fOode+
0 2n—x 21—x+n
27+x-1 x+n
+— jdn | f(n,r)dr——jdn j fouodr=12+ 12+ 12+ 12+ 12 (28)
0 21—

OTxe, npunyckaroouy, mwo f (x,t) — mepiognyHa 1o ! (QyHKLIsA, TePEKOHYEMOCS, IO MEpLIl TPH
iHTerpanu pisaocreii (27) 1 (28) piBHI Mixk coboto, ToOTO [} =17 k=1,2,3,a I} #1;,k=4,5. 1le
osnauae, mo #(x,0)#i(x,27) . Onnax y kmacax QyHkui A, i A, To6T0 npu f(x,/)c A, uu
f(x,t)e A;. MoxHa posectw, wo [, =12 k=45 Omxke, y uux knacax (ynkuis #(X,),
BU3Ha4eHa Gopmyoro (17), € TakoxK 27 -mepiOANYHOI0 33 3MIHHOK / (PYHKLIETO.

Teopema 6. Hexaii 1) W(t)eC'(R)NQ;,; 2) f(x,0)e 4 NG,.

Tooi gynxyia 1(x,t), eusnavena gopmynoro (17), € ¢ npsmoxymuuxy [1,, 27 -nepioouunum
KAACUYHUM pO38 's13k0M 3a0aui (1)-(3).

Y3arajibHeHo HenepepBHUIl PO3B’SI30K KpaloBoi 3agayi. Y nonepegHboMy nyHKTl BCTAHOBJIEHO
KJ1acu 27 -nepioguyHuX (QYHKUIH, Ui SKUX 3aBXKAHM ICHY€ Y NPSMOKYTHUKY [ , HeENepepBHUIl

PO3B’s130K KpatioBoi 3aaaui (1), (2) (teopema 4). OgnHak, el pe3yabTaT CripaBeIUBH 1 11t O1TbII
IIUPOKOTO KJIACY HeMepepBHUX (PyHKITIH.

Teopema 7. Hexait f(x,t) eém i

bid 2711

dn | f(n,)dt=06=0. (29)
fin']

n

Tooi ons koxcnoi pynxyii (1) € C(R), ona saxoi
2n
[ w(eydo=y =0, (30)
0

kpaiioéa 3aoaua (1), (2) mae eounuii y3aeansHeHo HenepepeHiil po36 a30K y npamokymuuky [ 1,

JloBenenHst. Po3risiHeMO AONOMIKHY (PYHKLIFO B(t):é w(t), ne & 1 y BuU3HaYeHl (POpMyJaMH
Y

(29), (30), i Ha ocHosi ¢opmyn (4), (7) i (16), moknamaroun samicts W() dynxmiro P(7),
nobyayemo poss’sisku u,(X,1,B), u, (x,2,B) i u, (x,7,p) y TPUKyTHHKAX A, A, i A,. Tomi,
3TiAHO 3 TeopeMoro 1, QyHKIs

u,(x,t,B), (x0)e A,
u(x,t,B)=qu, (x,1,p), (x,HeA\{t=x, O<x=<mj, (31)
u, (x,1,p), (x,HeA\{{=2n-x, O<x<mj,

Oyne HemepepBHOW y MPsSMOKYTHUKY [, , a oTxke, HemepepBHUM pO3B’si3koM piBHsHHS (1).

27
IMokaxemo, mo ¢yukuis  #(x,7,3) 3amoBonbHse  kpaiioBi ymosu (2). Cnpasxi,
#(0,1,B)=u,(0,£,)=0, 0<¢<2m. AHanori4yHo B cuity no3Ha4yens (29) i (30), BpaxoByr4H, LIO

B(r) = %u(r) | Maemo
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bid 2711 1

y 17 1 § 1
u(n,t,B):EIB(a)da—Ejdn I f(n,r)drzayy—ESEO, 0<1<2m,
0 0 n

o i notpiduo Oyno moBecTw.

27
3ayBaxeHHsi. Y TpHUBIAIBHOMY BHIMAJKy, TOOTO, KOJHU Iu(oc)docEO, TBEPIKCHHSI, AHAJIOTIYHE
0

TeopeMi 6, BipHE NpH AOAATKOBIH YMOBI Ha MpaBy YacTUHY f (x,t) piBastHEA (1), TOOTO, KONMHM
bid 211

BUKOHYETHCST YMOBA Idn I f(n,0)dt=0.
0

n
Teopema 8. Hexaii 1) p(n)e C(RYNG;, ; 2) f(x.0)e 4, NC,,.

Tooi gpynuxyia u(x,t), eusnauena gpopmynoio (17), € nenepepenum po3e s3xom kpaiiosoi 3adaui (1),
(2).
BUCHOBKHA

Y crarTi HaBeNeHO HOBY CXeMy MIOCHIIKEHHS PO3B’SI3KIB KpaHoBOI MepiomMYHOI 3amadl 1is
JiHIHOTO HEOHOPIHOrO XBUJIBOBOIO PIBHSAHHA u, —u = f (x,t). Bxkazannit meron nmoOynosu
PO3B’S3KY JIIHIWHOI 3a7adi Jae 3MOTY JOCIHII)KyBaTH YMOBHU ICHYBaHHs HENEPEPBHUX PO3B’SI3KIB
OaraTbOX HEJNIHIMHUX KPaOBUX MEPIOJMYHUX 3314, sIKi JIE)KaTh B OCHOBI PEAJIbHUX MPOLIECIB, 110

MOZIENIOIOTHCS TepOONIIYHUMU KPaoOBUMH 3afadaMy (3a7adi aKyCTHUKH, TiAPOAWHAMIKH, Teopil
KOJINBAHb).

BcraHOBIIEHO HOBI pe3ysbTaTH MIOAO HEMEPEPBHOCTI PO3B’SI3KYy XBHJIBOBOI'O PIBHSHHS B KJacl
nepionuuHux (QyHkuii. JoseneHo icHyBaHHs ysaranbHeHux (menepepsHux U € C[0,T]xR)

PO3B’sI3KIB  KpaloBOi 27T -MEPIOJUYHOI 3amadi 1 BCTAHOBJIEHO, 3a SKUX YMOB y3arajibHEHO
HeTnepepBHUN PO3B’ 30K MOKe OYTH KJIACHYHUM.
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